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NON-COMMUTATIVE HODGE STRUCTURES: TOWARDS MATCHING 
CATEGORICAL AND GEOMETRIC EXAMPLES 

D. SHKLYAROV 

Abstract. The subject of the present work is the "de Rham part" of non-commutative Hodge 
structures on the periodic cyclic homology of differential graded algebras and categories. We dis- 
cuss explicit formulas for the corresponding connection on the periodic cyclic homology viewed 
as a bundle over the punctured formal disk. Our main result says that for the category of matrix 
factorizations of a polynomial the formulas reproduce the connection on the associated twisted 
de Rham complex that is considered in the geometric approach to the Hodge theory of isolated 
singularities. 
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1.1. The setting. The study of various generalizations of the classical Hodge theory has evolved 

into a vast branch of mathematics; a comprehensive overview of relevant notions and references 

can be found in [15]. The present work is in the framework of the Hodge theory of categories, as 

outlined in [H [21 [TTl [12] . We refer the reader to these sources for an introduction to the circle 

of ideas surrounding the subject, as well as motivation and references. Our goal here is two- fold: 

first, to complement the existing expositions with some explicit formulas and, second, to present 

a piece of evidence in favor of the idea that the categorical Hodge theory should include some 

known geometric examples of generalized Hodge structures as special cases. 

The periodic cyclic homology of a differential graded (dg) category is well-known to be a direct 

generalization of the de Rham cohomology of a space, and it is natural to expect it to carry a 

Hodge-like structure. This expectation has been converted into a precise conjecture in [9i Section 

1 
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2.2.2], at least in the case of the so-called homologically smooth and proper dg categories which 
are to be thought of as analogs of smooth and proper varieties. According to the conjecture, the 
cyclic homology of such a category can be endowed with a non-commutative Hodge structure. 
Despite the terminology, non-commutative Hodge structures are defined without referring to 
non- commutative mathematics; they are a subject of their own, with a number of geometric 
applications [TJ [9] . 

The definition of a non-commutative Hodge structure involves two sets of data called the "de 
Rham data" and the "Betti data" in p] . Roughly, the former generalizes the Hodge filtration of 
a classical Hodge structure while the latter is an analog of the Q-structure. The main obstacle 
to proving the aforementioned conjecture seems to have been the fact that the periodic cyclic 
homology of, say, a C-linear dg category doesn't carry an obvious Q-structure in general. More 
on this can be found in [H Section 2.2.6] and [3, Section 8]. The present work concerns the de 
Rham part of the sought-for non-commutative Hodge structure on the cyclic homology whose 
origin has been understood for some time now. 

The de Rham datqj of a non-commutative Hodge structure can be defined as a pair {"K, V) 
where ?{ is a Z/2-graded free C{u}-module of finite rank and V is a meromorphic connection 
on !K with a pole of order at most 2 at the origin. There is a formal counterpart of such data 
in which the ring C{n} of convergent series is replaced with the ring C[[n]] of formal series. We 
will be considering only the formal analog of the de Rham data due to the very nature of our 
main example - the cyclic homology. 

In what follows, the term "bundle on the formal (resp. punctured formal) disk" is used as 
a synonym of "free C[[ii]]-module of finite rank (resp. finite-dimensional C((u))-vector space)". 
Accordingly, we will speak of "bundles with connection (on the formal disk)" instead of "the de 
Rham data of non-commutative Hodge structures" . 

1.2. Examples. A general way of producing such bundles with connections was outlined in [|9l 
Section 4.2.4]. Let us reproduce this idea here using three examples. 

Let X be a compact Kahler manifold and A.{X) the Z/2-graded space of complex C°°-forms 
on X, with the Z/2-grading given by the parity of the degree of differential forms. Consider 
the Z/2-graded C[[M]]-linear complex (yi(X)[[u]], 9 + ud) where yi(X)[[ii]] stands for the space 
of formal power series with coefficients in A{X). By the classical Hodge theory, its cohomology 
i:f*(A(X)[[n]], 5 + ud) is a vector bundle on the formal disk of rank dime H£,f;{X). It carries a 



We are slightly abusing the original point of view; what we call "the de Rham data" here would have been 
called "the de Rham data with a fixed Hodge filtration" in [9] . 
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meromorphic connection defined as follows. First, define V : A{X){{u)) — )■ A{X){{u)) by 

v^ = |^ + ^, r' G End(yi(x)), r'u,(x) = g-p 

and then observe that 



(1.1) [V^,d + ud\ = —id + ud) 

2u 

Therefore, V'''" induces a connection on the cohomology H* {A{X){{u)) , d + ud), the latter being 
the restriction of the vector bundle i:f*(yi(X)[[u]], d + ud) to the punctured formal disk. 
For our second example, let us take a polynomial w = w{yi, . . . , yk) onY = C'^ such that 

w{0, . . . , 0) = diw{0, . . . , 0) = . . . = dkw{0, . . . , 0) 

We will assume that the origin is the only critical point of w. To produce a bundle with connec- 
tion associated with w we will mimic the above construction for Kahler manifolds. Namely, let 
il(y) be the Z/2-graded space of (holomorphic) differential forms with polynomial coefficients 
on Y. Consider the so-called twisted de Rham complex {il.{Y)[[u]],—dw + ud) where d is the 
(holomorphic) de Rham differential and dw is the operator of wedge multiplication with dw (as 
before, we view it as a Z/2-graded C[[u]]-linear complex). It is a classical fact that 

I otherwise 

and that the cohomology is a free C[[n]]-module, i.e. a vector bundle on the formal disk. It 
carries a connection by the same argument as before: the operator V" : 0(y)((n)) -^ 0(y)((n)) 
given by 

(1.2) v- = -^ + ^ + -, rGEnd(0(y)), T\nr.(Y) = -^ 

du w^ u '2, 

satisfies (cf. (fTTj) ) 

(1.3) \V'",-dw + ud] = —(-dw + ud) 

2u 

thereby giving rise to a connection on the cohomology. 

The latter example is closely related to the subject of the Gauss-Manin systems and the 
Brieskorn lattices of polynomials and through that to the study of the Frobenius-Saito structures 
associated to isolated singularities (cf. [16] and references therein). 

Our last example is algebraic. Let A be a differential Z/2-graded algebra. The previous two 
examples suggest that we should replace the complexes 

{A{X)[[u]],d + ud), in{Y)[[u]], -dw + ud) 

with the complex 

iC{A)[[u]],b + uB) 
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(here {C{A),b) is the Hochschild chain complex of A and B is the Connes differential) and try 
to repeat the construction. This doesn't quite work since, in general, the cohoniology of the 
above complex has lots of torsion C[[n]]-submodules meaning it is not a vector bundle. There 
are two possible options at this point: either we work with those dg algebras for which the 
torsion submodules do not occur (conjecturally, this is so for any homologically smooth and 
proper dg algebra |12j), or we replace the cohomology of (C(A)[[u]], b + uB) by its image in the 
cohomology of (C(j4)((n)), b + uB), the periodic cyclic homology of A. Choosing the first option 
is analogous to working with compact Kahler manifolds only. Then, as we discussed previously, 
there is a chance that the resulting bundles with connections can be promoted to full-fledged 
non- commutative Hodge structures. We will keep considering arbitrary dg algebras since we 
won't get this far. 

The periodic cyclic homology, viewed as a bundle on the punctured formal disk, should carry 
a connection by a general argument ( J12k Section 11.5],|9i Section 2.2.5]) involving the so-called 
non- commutative Gauss-Manin connection [6] (along the parameter of a one-parameter defor- 
mation of A). In order to get a connection at the level of the periodic cyclic complex one should, 
perhaps, repeat the same argument but for a refined version of the non-commutative Gauss- 
Manin connection obtained in [19] (see also [1]). We hope to return to this idea on another 
occasion. At the moment, borrowing an idea from [121 Section 11.5], we can write out a connec- 
tion V on the periodic cyclic complex of A satisfying the same property as in our geometric 
examples above: 

(1.4) [V'^,b + uB] = ^{b + uB) 

An explicit formula for V can be found in section [331 (Proposition I3.4| ) . Since the formula is 
written in terms of some basic operations on the Hochschild complex, it can be easily generalized 
to define a connection V-^ on the cyclic complex of an arbitrary differential Z/2-graded category 
V. 

1.3. Matching the geometric and the algebraic examples. Notice that when the Z/2- 
grading on A can be lifted to a Z-grading, there is another obvious connection on the cyclic 
complex satisfying (jl.4p . namely 



v;! = — + — 



lA 



3^ du 2u 
where T' is the corresponding Z-grading operator on C(^). It turns out that V and V^ 



coincide at the cohomological level (seqj section [37 



gr 



If we knew that V was the connection that the aforementioned argument produced then this statement 
would also follow from the argument. 
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This observation shows that the de Rham part of non-commutative Hodge structures on the 
periodic cychc homology is not very interesting in the case of Z- graded categories. On the other 
hand, this same observation impHes that our first geometric example is a special case of the 
algebraic one, at least, when X is a smooth projective variety. Let us present the argument in 
a very sketchy manner since this is known, and is not the main point of the paper anyway. 

The claim is that there is an isomorphism of bundles with connectionqj 

iH*{A{X)[[u]],d + ud),V'') - (i7*(C(pardgX)[[n]],6 + ni?),VP'^'-d.^) 

where par^ X stands for the dg category of perfect complexeqj on X. To see this, note first 
that the category par^gX is Z-graded and therefore we can replace VP'^'^^g with Vgr '^^ ■ 
Furthermore, 

H*{A{X)[[u]],d + ud) ^ H*{A{X),d)[[u]] 
H* {C{par ^^X)[[u]], b + uB) ^ H*{C{pav^^X),b)[[u]] 
since the left hand-sides are known to be free C[[tt]] -modules. The right hand-sides can be 
endowed with connections given by the same formulas that define V and Vgr "^^ and the 
isomorphisms above can be easily chosen so that they preserve the connections. To conclude 
the argument, we observe that the two F's - in the definitions of V"^ and Vgr '^^ , respectively 
- match under a well-known isomorphism 

F*(yi(X),a) ^ F*(C(pardgX),6) 

The goal of the present paper is to explain why our second geometric example is a special 
case of the algebraic one. Namely, we will prove 

Proposition 1.1. There is an isomorphism of bundles with connections 

{H*{n{Y)[[u]],-dw + ud),V'") ^ (F*(C(MFH)[['u]],6 + 'uS),V^^("')) 
where MF{w) is the dg category of matrix factorizations of w. 

This fact is, of course, known to the experts but the proof doesn't seem to have appeared 
elsewhere. 

We won't remind the definition of MF(w) since we won't need it. We will use as a black box a 
result of [5] which says that this dg category is (quasi-)equivalent to the category of dg modules 
over a certain differential Z/2-graded algebra, Ayj. This result allows us to replace the cyclic 
complex of the category MF(tt;) with the much smaller cyclic complex of Ayj. The dg algebra is 
actually quite simple, so let us reproduce its definition here. 



Let us use the same notation for connections at the level of complexes and at the level of cohomology. 
See |10l Section 5.3] and references therein for a discussion of the cyclic homology of this dg category. 



6 D. SHKLYAROV 

As a Z/2-graded algebra, it is the tensor product C[Y] Endc^ where V is the Z/2-graded 
space of polynomials in k odd variables 6i, . . . ,9^. The only part of A^j that depends on w is 
the differential. The differential depends, in fact, on more than just w itself |j: one also needs to 
pick a decomposition of w of the form 

w = yiwi + . . . + VkWk 

Then the differential on A^ is simply the commutator with D{w) := J2i ( y«M" "'" ^«^* ) ■ Clearly, 
D{w)'^ = w and so d^ = [D{w), —] squares to 0. 

The second key ingredient used in the proof of Proposition II . II is an explicit quasi-isomorphism 
from the Hochschild complex of MF(^i;) to the complex {Q,{Y), —dw) constructeqj recently in 



|17j . We will need only the composition of this quasi-isomorphism with the embedding of the 
Hochschild complexes 

(C(A^),6)-^(C(MFH),6) 
The composition is still a quasi-isomorphism, by the aforementioned result of [5j. 

To conclude the Introduction, let us mention one more geometric example of a non-commutative 
Hodge structure which we are unable to treat at the moment. Namely, as it is explained in |9] 
(cf. Section 3.1 in loc.cit.), the non-commutative Hodge structures on the de Rham cohomology 
of a symplectic manifold defined by means of the quantum product should be possible to recon- 
struct from the Fukaya category of the manifold via the procedure we discussed previously. Let 
us just mention in this regard that the formulas in |12t Section 11.5], as well as our Corollary 
13.61 and Lemma ID. 21 suggest that one can write out a connection on the cyclic complex of an 
Aao category of quite general type, e.g. with non- vanishing mo. 

Organization of the paper. The main body of the paper comprises three sections. 

In section [2] we develop some simple convenient formalism of mixed complexes with connec- 
tions. It can be viewed as a step toward defining the derived category of mixed complexes with 
connections but we do not pursue this idea due to lack of motivation. 

In section [3] we recall the definition of the mixed cyclic complexes of dg algebras, both unital 
and non- unital, and then move on to describing connections on these complexes. We present 
several equivalent sets of formulas for the connections, and conclude the section with a brief 
discussion of the case of differential Z-graded algebras. 

In section H] we explain the proof of Proposition 11.11 



Thus, our notation A^, is a bit misleading. 

The construction uses, in particular, some earlier results obtained in [3]. 
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In order to keep the main body of the text as short as possible, we have collected all the 
proofs in several appendices which occupy most of the paper. The proofs, we believe, could have 
been shorter if we were able to rewrite all of them in a coherent way using a non-commutative 
geometric language a la fi2\ . 



Conventions. All complexes and dg algebras in this paper are Z/2-graded. That is, our 
complexes are pairs (C,(i), where C is a Z/2-graded vector space C = Ceven © Codd and d is 
an odd operator such that d? = 0, and our dg algebras are such complexes equipped with a 
compatible multiplication. We will mention Z-gradings only once, in section 13.41 

In sections [2] and [3] we are working over a ground field k whose characteristic is not equal to 
2. In section m the ground field is C. We will be also considering complexes over the field of 
formal Laurent series but it will be clear from the context (or an explicit comment) which of 
the fields is important at a given moment. 

Acknowledgements. I would like to thank Y. Soibelman for explaining some basics of the 
categorical Hodge theory to me several years ago. I am also grateful to M. Herbst, D. Murfet, 
A. Polishchuk, E. Scheidegger, and K. Wendland for inspiring discussions on matrix factoriza- 
tions and Hodge theory. 

This research was supported by the ERC Starting Independent Researcher Grant StG No. 
204757-TQFT (K. Wendland PI). 

2. Formalism of mixed complexes and u-connections 

2.1. Mixed complexes. A mixed complex is a triple {C,b,B) where (C,6) is a (/c-linear) com- 
plex and B is an odd operator on C that anti-commutes with b and squares to 0. In the Z/2 
setting, the mixed complexes are merely double complexes but the use of the term "mixed" 
suggests the analogy with the mixed complexes in the conventional Z-graded setting [13], and 
also emphasizes the fact that b and B play different roles. 

Recall that we are using u to denote a formal (even) variable, playing the role of a coordinate 
on the formal disk, and V{{u)) to denote the k{{u))-vector space of formal Laurent series with 
coefficients in V where V is any fc-vector space. Given a mixed complex {C,b,B), we will call 
the fc((M))-linear complex 

{C{{u)),b + uB) 

the u-totalization of (C, b, B). 

As it should be clear from the Introduction, the mixed complexes and their ti-totalizations 
are used as means to construct vector bundles over the formal disk. With this in mind, we will 
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restrict ourselves to mixed complexes of finite type, i.e. those complexes whose it-totalizations 
have finite-dimensional cohomology over k{{u)). 

A morphism of mixed complexes is defined as a morphism of the underlying ordinary com- 
plexes that commutes with the S-operators. We will use also the following weaker notion [j: a 
u-morphism of mixed complexes is a fc((n))-linear morphism of the corresponding ^-totalizations 
(as complexes). Any u-morphism f{u) : {C,b,B) — t- {C',b',B') can be written in the form 

oo 

/(n) = ^u7^ 

i=k 

for some k £ Z where the coefficients /j : C — t- C are even operators. 

The reader, we hope, understands how to extend this terminology to other notions used in 
the study of complexes, such as quasi- isomorphisms, homotopy equivalences, etc. For instance, 
two M-morphisms f{u) and g{u), with the same domain and range, will be called u-homotopic if 
there is an odd fc((u))-linear operator H(u) : C{{u)) — > C'((n)) (a u-homotopy) such that 

/(n) - g{u) = H{u){b + uB) + {b' + uB')H{u) 

Again, each u-homotopy has the form 

oo 

H{u) = Y^ u'Hi 

i=k 

where /c G Z and i/j : C — > C are odd operators. Accordingly, two mixed complexes (C, b, B) 
and (C, 6', B') will be called u-homotopy equivalent if there are u-morphisms 

(2.1) i{u):{CAB)T±{C,b\B'):p{u) 

such that i{u)p[u) and p{u)i{u) are u-homotopic to idc/ and idc, respectively. 

It is a standard fact that for complexes of vector spaces there is not much difference between 
homotopy equivalences and quasi-isomorphisms. This fact applies to our setting since we are 
working with complexes of vector spaces over fc((n)): 

Proposition 2.1. Any u-quasi-isomorphism. f{u) : {C,b,B) -^ (C',b',B') can be completed to 
a u-homotopy equivalence f{u) : {C,b,B) ^ {C,b',B') : g{u). 

Given a mixed complex {C,b,B), the image of the cohomology of (C[[M]],fe + uB) in that of 
(C((n)),6 + uB) under the canonical (fc[[n]]-linear) embedding of the complexes will be called 
the canonical u-lattice. The canonical u- lattice plays the role of the bundle on the formal disk 
associated with the mixed complex. We will say that a n-morphism of mixed complexes is 
regular if the induced operator at the level of the cohomology of the u-totalizations preserves 



7i 



This is a version of the S-morphisms [13) . 
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the canonical u-lattices. In particular, a n-homotopy equivalence will be called regular if at least 
one of the it-morphisms involved is regular (then, of course, the other one is regular as well). 

2.2. ti-Connections. The following definition has been inspired by the examples we discussed 
in the Introduction (see (II. ID . (II. 3p . (II. 4p ): A u-connection on a mixed complex (C,b,B) is a 
fc-linear operator 

V : C((n)) ^ C((^)) 
satisfying the properties: 

[V,u] = idc 
(meaning V = ^ + A{u) where A{u) is a fe((n))-linear operator from C((n)) to itself) and 

(2.2) [W,b + uB] = —(b + uB) ( ^ [A(u),b + uB] = —(b - uB) ) 

2m 2u 

The equality (|2.2p implies that V descends to the cohomology of the u-totalization, thereby 
giving rise to a connection on the corresponding bundle on the punctured formal disk. 

To define morphisms of mixed complexes with ti-connections, we need 

Lemma 2.2. Let (C, b,B,V = -^+ A{u)) and (C, b', B', V' = ^ + A'{u)) be mixed complexes 
with u- connections. Then for any u-morphism f{u) of the mixed complexes 

(2.3) ^+A'{u)f{u)-f{u)A{u) 

du 

is a u-morphism. 

Proof is given in section lA.ll D 

We will say that f{u) defines a morphism of mixed complexes with u- connections, or simply 



a morphism of u- connections, if (j2.3p is li-homotopic to 0. 

As the next claim shows, being a morphism of n-connections is stable under passing to u- 
homotopic u- morphisms. 

Proposition 2.3. Let {Q,b,B,V), (C, 6', S', V) be mixed complexes with u-connections and 
f{u),g{u) : {C,b,B) -^ {C',b',B') two u-niorphisms that are u-homotopic to each other. If f[u) 
is a morphism of u-connections then so is g{u). 

Proof is given in section IA.2I D 

The following statement follows immediately from the definitions: 

Proposition 2.4. The composition of morphisms of u-connections is a morphism of u-connections. 
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We will say that two mixed complexes with li-connections (C,6, -B, V) and {C ,b' ,B' jV') (or 
simply two u-connections V and V') are homotopy gauge equivalent if there is a «-homotopy 
equivalence ()2.ip such that p{u) and l{u) are morphisms of it-connections. 

By Proposition 12.41 homotopy gauge equivalence is an equivalence relation. 

Proposition 2.5. If f{u) : (C,6, i?,V) —?■ {C ,b',B' jV) is a u-quasi-isomorphism and a mor- 
phism of u-connections then V and V are homotopy gauge equivalent. 

Proof is given in section IA.3I D 

Homotopy gauge equivalence can be refined as follows: We may require it to be furnished 
by regular u-homotopy equivalences, in the sense of the previous section. This is similar to the 
notion of holomorphic equivalence in the classical theory of connections. In all the examples 
we will consider in the remaining sections, the u-homotopy equivalences will be regular, and so 
in all the statements we will formulate homotopy gauge equivalence can be understood in the 
above stronger sense. 

A very special instance of homotopy gauge equivalence is the case when one u-connection is 
obtained from another one, living on the same mixed complex, by adding a n-endomorphism 
that is M-homotopic to (in this case the two u-connections are homotopy gauge equivalent 
with respect to the identity endomorphism of the mixed complex). Since there is not any 
actual "gauging" in this cases, we will simply say that two such u-connections are equal up to a 
u-homotopy. 

We will conclude this section with the following result which allows one to transfer u-connections 
using u-homotopy equivalences. 

Proposition 2.6. Given a u-homotopy equivalence i2. 1\) and a u-connection V = ^ -\-A'{u) 
on (C ,b' ,B'), there exists a u-connection V on {C,b,B) that is homotopy gauge equivalent to 
V with respect to p{u) and l{u). Explicitly, one can set 

(2.4) V = — +yi(u), Aiu):=p(u)—^+p(u)A'iu)L(u) + —H{u)ib-uB) 
du du 2u 

where H(u) is any u-homotopy such that p{u)i{u) = idc + (6 + uB)H{u) + H{u){b + uB). 
Proof is given in section IA.4I D 
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3. ti-CONNECTIONS ON THE CYCLIC COMPLEXES OF DC ALGEBRAS 

3.1. The cyclic complexes of unital dg algebras. Let A be a (not necessarily unital) dg 
algebra and sA stand for A with the reversed Z/2-grading. Given a G A, the corresponding 
element of sA will be denoted by sa. The parity of a will be denoted by \a\; thus, \sa\ = \a\ — 1. 
Let 



C{A) = A^ T{sA) = A ® sA« 



n=0 

equipped with the induced Z/2-grading. We will write the elements of A^ sA^"' as 



oo[ai|a2| . . . |a„J 

(i.e. ao[ai|a2| . . . |a„] = a^ ^ sai ® sa2 (8) . . . (8> san), or simply ao, if n = 0. 

Throughout the paper, we will use the following convention: for an operator T from C{A) to 
anywhere we will write r„+i for the restriction of T onto A ® svl®". 

C{A) is the underlying Z/2-graded space of the Hochschild chain complex of A. Let us recall 
the definition of the Hochschild differential, b. 
Let r denote the cyclic permutation on C(^): 

r„+i(ao[ai|a2l . . . K]) = (-l)l^'^olEr.i I^"«lai[a2| . . . Klao] 
One can easily see that r^^-^ = 1. Set 

^nli{"-o[0'i\0'2\ ■ ■ ■ \an\) = dao[ai\a2\ ■ ■ ■ [On] 
(0) |0 n = 



and 



fi^+iiao[ai\a2\ . . . \an]) - . , , 

(-l)l"olaoai[a2|--- |anj n > 1 



i;\^) — i j; i (^) — i i ■ -i 

"n+l •" ''"n+1 "n+l '^n+li /^n+1 •" "^n /^n+1 Tn+li « = i, • • • , n 



Explicitly, 

(3.1) 5j;|i(ao[ai|a2| . . . |a„]) = (-l)Sl^o l^'^'=lao[ai| . . . |da,| . . . |a„] 

(3.2) M„^,(aoK|a2l . . . |a„]) = |_^_^^,.„|(|.„|^j:.,. l-l)a„ao[a,| . . . |a„__,] ^ = n 
Then the Hochschild differential h is defined as follows 

n n 

(3.3) 6 = 6(5)+6(/.), 6(5)„+i = J]5«i, 6(/i)„+i = 5]/u«, 

That b squares to can be deduced form the formulas we write out in section [Bl The cohomology 
of (C(A), b) is called the Hochschild homology of A. 



12 D. SHKLYAROV 

Let US recall now the definition of the mixed complex that computes the cyclic homology of 
(unital) dg algebras. The underlying ordinary complex is (C(^), b), and B is defined as follows. 
Assume A is unital. Set 

n 

Nn+1 = ^T*+i, hn+i{ao[ai\a2\ ... \an]) = l[ao\ai\a2\ ■ ■ ■ \an] 

j=0 
Then 

Bn+l = (1 - T~_^_2)hn+lNn+l 

Clearly, B is an odd operator that squares to 0. Again, the formulas from section |B] imply that 
B anti-commutes with both b{6) and b(fi). The cohomology of the n-totalization of this mixed 
complex is called the periodic cyclic homology of A. 

3.2. The cyclic complexes of non-unital dg algebras. Notice that when A is non-unital, 
the definition of B from the previous section doesn't make sense. To fix the problem, one replaces 
the Hochschild chain complex with a quasi-isomorphic one, which contains a replacement for 
the unit. The aim of the present section is to recall the definition of this new complex. 

Let A be a dg algebra, with or without unit. Denote by A~^ the dg algebra obtained from A 
by adjoining a unit: 

A'' = A®ke, |e|=0 

de = 0, ae = ea = a Va £ A 

Consider the following Z/2-graded vector space: 

n=\ 

The operators o"^_^^ and /i„^_i on C(j4) extend to ^^{^ via the formulas (]3.ip and (j3.2p . and 
we get a complex (C'^(A),6'^ = b^(b) + b'^in)) where the differentials b'^{d), b'^{fi) are defined as 
before. It is nothing but the so-called normalization of the usual Hochschild complex of A'^ |13] . 

The vector space C^iA) admits the following decomposition: 

(3.4) C{A) = C{A)(BC+{A) 

where 



a{A)=A(B^iA'^sA^ 



C+(^) = 0(fce(^sA^") 



ra=l 



Note, however, that C^{A) is not stable under b^{fi), so it is not a subcomplex. 

With (13. 4p in mind, we can represent the elements of C'^(^) by column- vectors with two 
components, the first component being an element of C{A) and the second one an element of 
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C~^{A). Accordingly, operators on C'^(^) can be represented by 2 x 2 matrices. For example, 

the differential b^{6) preserves the decomposition (13. 4p and therefore can be represented by the 

matrix 

fb{6) \ 
V b{6)) 

The operator /i''^\ on the other hand, preserves C{A) but maps C'^{A) to C{A); it is then 

represented by the matrix 



Note that, formally, the two copies of b{6) in the first matrix (or jj.^^' in the second matrix) 
represent different operators, since they have different domains/ranges. 

In this notation, the differential 6'^(/u) is easily seen to correspond to the following upper- 
triangular matrix 

fbifi) b^if,)\ 

V bHj^)J ' 

wherqj 

6^ (//)„+! = ^i°ii + mSi ■■ fce C5 sA^- ^A^ .A^("-i) 

n-l 

b''ifi)^_^^ = J2 ^i+1 : ^e sA®" ^ fee sA®("-i) 

i=l 

Let us describe the analog of B for the new complex {C^{A),b^). Define h^ : C{A) —^ C'^(A) 
by 

/i^+i(ao[oila2| . . . Iffln]) = e[ao\ai\a2\ ■ ■ ■ [fln] 
Then, in our matrix notation, B^ : C^{A) -^ C^iA) is given by 



B^ 





"+i ~ \ h'^ /v , 1 n 



B^ is an odd operator that squares to and anti-commutes with b^: 

h%5)B^ = -B%%5), b''{^i)B^ = -B%''{^i) 

We have now two a priori different definitions of the cyclic homology for unital dg algebras - 
via {Q.{A),b^B) and {Q^ {A) ,b^ , B^) . Let us explain why the two definitions are equivalent. 
Let ^ be a unital dg algebra. Consider the following maps 

(3.5) i{u) : Q{A) ^ C(^), i{u) = (^^<=J^)) + u (^.^ 

We extend our previous convention regarding subscripts as follows: For an operator T from C^{A) to anywhere 
we will write r„+i for the restriction of T onto (A ® sA®") © (fee ® sA®"). 
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(3.6) p{u):CiA)^C{A), p(n) = (idc(A) (l-r-i)^^)) 

(the operator hfi^^' in the last hne maps e[ao|ai|a2| . . . [««] to l[ao|ai|a2| . . . \an])- 

Proposition 3.1. l{u) and p{u) establish a u-homotopy equivalence between {C{A),b,B) and 
{C%A),b^,B^). 

Proof is given in section IC.ll D 

The last result in this section relates the cyclic complexes of a dg algebra A and its opposite 
dg algebra A° . Recall that A° is just A with a new product: 

a'(g)a"^(-l)l'*'ll'*"laV 

Consider the following isomorphism of Z/2-graded vector spaces: 

^ = ^a: C{A) ^ C{A°), ao[ai\a2\ . . . |a„] ^ [-l)-+^i<^<,<^ l^'^'ll™^laoK|a„-il . . . \ai] 

Proposition 3.2. <I> is an isomorphism, from the mixed complex {C^ (A) , b'^ , B'^) to the mixed 
complex (e(^°),6S-S^). 

Proof is based on the following properties of <I>, which are easy to verify using the definitions 
of the maps involved: 

(3.7) $r = T-^$, $5(°) = (5(°)$, $^(°) = ^(°)r-^$, ^h^ = -/iV$ 
It follows from these properties that 

which implies the statement. D 

To conclude our discussion of the cyclic complexes, let us point out a variation on the definition 
of {C{A),b,B) and {C^ {A) , b^ , B^) which we will use in section [H Namely, in the definition of 
C(^) (or C'^{A)) one can replace the direct sums by the direct products: 



C^iA) = n (^ ^ ^^^")e.en 9 IK^ ^ '^^""'^ 



odd 



(and a similar version for C^iA) which we will denote by C^'^(A)). Then all the above definitions 
(e.g. those of the differentials b, B) and conclusions (e.g. Proposition 13. ip are easily checked to 
hold true in the new setting. We refer the reader to [H] for a detailed study of these versions of 
the Hochschild complexes. 
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3.3. Canonical n-connections on the cyclic complexes. Let us omit a detailed discussion 
on what ttie adjective "canonical" in the title refers to. In plain words, by a canonical u- 
connection one should understand a u-connection given by a universal formula, i.e. a formula 
that works simultaneously for all dg algebras. Such a u-connection can be extended to the 
cyclic complexes of dg categories thereby giving rise to a functor from the category of (small k- 
linear) dg categories to that of mixed complexes with connections which has various reasonable 
properties (i.e. Morita equivalent dg categories correspond to homotopically gauge equivalent 
tt-connections, etc.). 

Observe that any canonical u-connection has a "twin" obtained by means of the morphism $ 
from the previous section (see Proposition 13. 2p . Namely, suppose 

A ^ V^ = -^ + Aa{u) 
du 

is a canonical u-connection. The following statement is an immediate consequence of Proposition 



Proposition 3.3. 

(3.8) A ^ {VY ■=-^- '^a' ■ -^A^ (-«) • '^A 

du 

is also a canonical u-connection. 

Let us call this n-connection dual to the original one. The rest of this section is devoted to 
one example of a canonical n-connection. As we will show, it is self-dual (up to a u-homotopy). 

Let A be a (not necessarily unital) dg algebra. Consider the following operators on C^(A): 

_ / Pn+l"n+l A*n+l'^n+l * ~""^^ ' 









0' 

Proposition 3.4. 

(3.9) V:=A + !W+ZW±I 

du w^ u 

is a u-connection on (C^ (A) , b^ , B^) ; its dual is given by 

(3.10) ^.^ rf^im^m±i 

du w^ u 
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Proof is given in section IC.2I D 

Proposition 3.5. V and V° are equal up to a u-homotopy. 

Proof is given in section IC.3I D 

Let us point out two corollaries of Proposition 13.41 To formulate the first corollary, we need 
two more operators on C'^(^): 



Corollary 3.6. 

du u^ u 

is a u-connection on (C^ {A) , b^ , B^) equal to V up to a u-homotopy. 

Proof is given in section IC.4I D 

The second corollary concerns a canonical u-connection on Q{A) in the case when A has unit. 
Consider the following operators on C(^): 

^ ^ n n+1 



and 



Corollary 3.7. 






W""((^) = ^(1 - T-^)hhhNb{6) 



an u^ u 



is a u-connection on {C{A),b,B), homotopy gauge equivalent to V. 

Proof is given in section IC.5I D 

In section m we will apply the above results to the dg algebra A^ defined in the Introduction. 
In that example, it will be important for us to work with the version of the cyclic complex 
defined at the end of section [3121 namely, C'^'^(^). Let us therefore emphasize the obvious fact 
that the above ^-connections extend to this complex. 
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3.4. On the case of differential Z-graded algebras. Let us assume that A is Z-graded or, 
more precisely, that its Z/2-grading can be lifted to a Z-grading. 

Let us denote the Z-degree of an elements a € Ahy deg(a). Clearly, the Z/2-grading on the 
unitalization A'^ of A also lifts to a Z-grading, if we set deg(e) = 0. Therefore, the space C^(yl) 
has a natural Z-grading determined by the following operator 

n 

r'(ao[ai| ... |a„]) = (^deg(ai) - n)ao[ai\ . . . |o„] 

With respect to this grading 6"^ and B^ have degrees 1 and —1, respectively, i.e. 

[^',6"] = 6^ [T',B''] = -B'' 

This shows that 

V -— — 
^^ du 2u 

is a n-connection. 

Proposition 3.8. The u-connections V and Vgr are equal up to a u-homotopy. 

Proof is given in section IC.6I D 

4. Mixed complexes and m-connections associated with polynomials 

We remind the reader that from now on the ground field is C. In this section, Y, w, Am etc. 
have the same meaning as in the Introduction, so we won't repeat their definitions. We will be 
also using all the other definitions and notation related to that part of the Introduction. 

4.1. Mixed complexes associated ■with w. As we mentioned in the Introduction, there is a 
quasi-isomorphism, constructed in [T7], from the Hochschild complex of the algebra A^ to the 
complex (i7(y), —dw). The purpose of this section is to show that the quasi-isomorphism can 
be promoted to a n-quasi-isomorphism of the corresponding mixed complexes. This requires 
working with the extended versions, (€^(^4^), 6^, B'^) and {C^''^{Aw), b^,B^), of the mixed cyclic 
complexes. Apart from that, the only addition to the original construction of [17] we need is 
the following well-known fact: 

Lemma 4.1. Let f : (C,b,B) — )■ {C',b',B') be a morphism of mixed complexes that induces a 
quasi-isomorphism, from, (C,6) to (C',6'). If H*{C,b) and H*(C' ,b') are finite- dimensional and 
are purely even or purely odd (i.e. sit in one degree only) then f is a u- quasi-isomorphism. 
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Sketch of the Proof. The conditions of the Lemma imply, by a simple inductive argument, 
that H*{C[[u]],b + uB) and H*{C'[[u]],b' + uB') are free A; [[n]] -modules of finite rank. Obviously, 
/ lifts to a fc[[n]]-linear morphism (C[[u]], h+uB) -^ (C'[[n]], h' + uB'). The induced map / on the 
cohomology is a morphism of free fc[[u]]-modules whose reduction modulo u is an isomorphism, 
that is, / is itself an isomorphism. To conclude the proof, it remains to use the exactness of the 
functor k{{u)) ®k[[a]] -■ ^ 

To describe the n-morphism from {C'^{A,uj),h^,B^) to {Vl{Y) , —dw, d) we need some addi- 
tional ingredients. 

First, let us introduce the following two operators on C'^(^^): the odd operator b^{w) deter- 
mined by 

n+l 

1=1 
and the even operator lf{D{w)) determined by 

n+l 

^^(^M)n+i := ^ ^M„Vi' ^Mn+i(«o[ai| • • • Wn]) ■= ao[ai\ . . . \ai^i\D{w)\ai\ . . . |a„] 

i=l 

Observe that the operators extend to C ''^{Aw). Also note that b'^{w) preserves the image of 
the embedding C^''^(C[y]) -^ C^''^{Aw) induced by the obvious embedding C[Y] — > A^- 

The second ingredient we need is a map str : C^''^(^„,) -^ C'^''^(C[y]) defined as follows. 
Recall that A^ = C[Y] Endc^. Pick a basis {vi, . . . , V2n} in V consisting of even and odd 
vectors and denote by Eij, i,j = 1, ... 2", the operators on V given by the elementary 2" x 2" 
matrices in the above basis. Then 

I U otherwise 

I U otherwise 

where * = (n - l)|fjol + 1]"=! \vij and ** = n\vi^\ + I]"=2 l^«J- 

Proposition 4.2. 

a) {C^'''{A^),b''{n) + b''{w),B'') and {C^'''{C[Y]),b''{n) + b%w), B'') are mixed complexes. 

b) The map eyip{—b'^{D{w))) : C^(A^) — > C'^'^(A^) induces a morphism of mixed complexes 

iC%A^),b^,B^)^{C'''%A^),b^{f,) + b%w),B^) 
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c) str : (C"'"(^^),6"(^) + b%w),B^) -^ {C'^'^{C[Y]),b%fi) + b%w),B^) is a morphism of 
mixed complexes. 

d) The m,ap e : C^''^(C[y]) — t- i^{Y) determined by 

en+i{4'o[4>i\ ■ ■ ■ \4>n]) = —fCpodcj)! A ... A d(j)n, e„+i(e[(/)i| ... \(j)n]) = -r#i A ... A #„ 
n! n\ 

is a morphism. of mixed complexes {C^' "^ {C[Y]) , b'^{^) + b'^{w), B^) — )• {^{Y) , —dw , d). 

e) The composition e- str ■exp{—b'^{D{w))) : {C^ (A^) , b'^ , B^) -^ {fl{Y) , —dw, d) is au-quasi- 
isomorphism. 

Proof is given in in section ID.2[ D 

4.2. Comparing connections. Consider the following operators on Qf'{Au,): 

, , 1 /_,,(0) ,,,(1) _,,(0) ,,,(1) \ . . 1 / 0\ 

Note that the operators extend to QJ^''^{Aw). 

Proposition 4.3. 

l-l du u^ u 

is a u-connectioTTQ on {C^'^{Au]),b'^{fJ^) +b^{w),B^). 

b) The map exp{—b'^{D{w))) : C'^(yl^) — >• C^''^(^^) is a morphism of mixed complexes with 

u-connections 

(c(A»), 6^ i?^ V) ^ (cn'^(^^), 6^(//) + 6^H, s^ v^'"') 

Proof is given in section ID.3[ D 

Clearly, the operators 'U.{w),V{w) preserve the subspace C^'^(C[y]) in C'^''^(^^). Thus, 
we have a u-connection on (C^'^(C[y]), &^(/x) + b'^{w),B^) which we will denote by V"'"' to 
distinguish it from the previous one. 

Proposition 4.4. The morphism str is a morphism, of mixed complexes with u-connections 

Proof is given in section ID.4[ D 

We will conclude by relating the u-connection V"'"" on (C^''^(C[y]), 6^(/x) + b^{w), B"^) to the 
li-connection l\1.2\i on {^{Y) , —dw , d). 



Including i in the definition of 'U.{w) and V{w) and then multiplying them by 2 may appear somewhat strange; 
this is motivated by the result of Lemma ID. 21 
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Proposition 4.5. The morphism e from Proposition \4-^ is a morphism of mixed com,plexes with 
u- connections 

{C^'%C[Y]),b''{ii) + h\w),B\V^n -^ iniY),-dw, d,V^) 

Proof is given in section ID.5[ D 

Summarizing the results of Propositions 14.2^ 14.3^ 14. 4^ 14.51 and using Propositions 12. 4^ 12.51 we 
arrive at the fohowing corohary: 

Corollary 4.6. The mixed complexes with u-connections 

(C(^^), 5^ S^ V) and {n{Y) , -dw , d, V") 
are homotopy gauge equivalent. 

This corohary imphes Proposition 11.11 since the connections are, in fact, homotopy gauge 
equivalent in the stronger sense which we mentioned at the end of section 12.21 Indeed, the 
n-quasi- isomorphism that relates the connections is an honest morphism of mixed complexes, 
and therefore it obviously preserves the canonical n-lattices. 



Appendix A. Proofs for Section [2] 



A.l. Proof of Lemma [231 By (g^D 

'df{u) 



du 



+ A'{u)f{u) - fiu)A{u) {b + uB) 



^^(6 + uB) + (6' + uB')A'iu)f{u) + ^{b' - uB')f{u) 
du 2u 

-ib' + uB')f{u)Aiu) - ^fiu){b - uB) 

2u 



Thus, 



"^^^""^ ' A'{u)f{u) - f{u)A{u)] {b + uB) - {b' + uB') (^ + A'{u)f{u) - /(n)yi(n; 



du J \ du 
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To see that the latter equals 0, one can simplify the first part of the expression using the Leibniz 
rule as follows: 



du 



du 



^ {f{u){b + uB) - {h' + uB')f{u)) - [f{u)j^{h + uB) --^{b' + uB')f{u, 

= -f{u)B + B'f{u) 



A. 2. Proof of Proposition 12. 3L It suffices to show that any u-morphism, n-homotopic to 0, 
is a morphism of n-connections. Let 

/(n) = H{u){b + uB) + {b' + uB')H{u) 

Then, computing modulo terms n-homotopic to 

df{u) 



du 



+ A'{u)f{u)-f{u)A{u 



- H{u)B + B'H{u) + A'{u)H{u){b + uB) + A'{u){b' + uB')H{u 

-H{u){b + uB)A{u) - {h' + uB')H{u)A{u 

H(u)B + B'H(u) + A'(u)H(u)(b + uB) + iib' + uB')A'{u) + —ib' - uB'))H(u 

2u 

-H{u){A{u){b + uB)-—{b- uB)) - (6' + uB')H{u)A{u 

2u 



H{u)B + B'H{u) + ^{b' - uB')H{u) + H{u)^[ 
2u Zu 



uB 



— ib' + uB')H(u) + H(u) — {b + uB 
2u 2u 



{^ above stands for 'u-homotopic') 



A. 3. Proof of Proposition 12.51 Due to Proposition 12. H we only need to prove 

Lemma A.l. If one of the u-morphisms p{u), i{u) is a morphism of u- connections then the 
other one is also a morphisms of u- connections. 



Proof. Let us assume for instance that l(u) is a morphism of u-connections: 

dL{u) 



du 



+ A'{u)i{u) -l{u)A{u) ~0 



Then 



di{u) 



p(u) — ; — p{u) + p{u)A' {u)l{u)p{u) — p{u)i{u)A{u)p{u) -^ 
du 



or, using the Leibniz rule 

d d'viu] 

(A.l) -;-(p(u)l(u))p(u) ; — i(u)p{u) + p(u)A' (u)i(u)p(u) — p(u)i(u)A(u)p(u) ~ 

du du 
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Using 

(A.2) piu)L{u) = idc + {h + uB)H{u) + H{u){h + uB) 

(A.3) l{u)p{u) = idc + {b' + uB')H'{u) + H'{u){b' + uB') 

(jA.ip is equivalent to 

dp{u 



du 



+ A{u)p{u) - p{u)A' {u) 



~ — ((6 + uB)H{u) + H{u){b + uB))p{u) - -^ Uh' + uB')H'{u) + H'{u){b' + uB')) 
du du 

+p{u)A'{u) {{b' + uB')H'{u) + H'{u){b' + uB')) - {{b + uB)H{u) + H{u){b + uB))A{u)p{u) 

Thus, it suffices to show that the latter expression is n-homotopic to 0. By (I2.2p and the Leibniz 
rule, it is n-homotopic to 

{BH{u) + H{u)B)p{u) - ^^ i{b' + uB')H'{u) + H'{u){b' + uB')) 

du 

+^p{u){b' - uB')H'{u) + ^H{u){b - uB)p{u) 
In 2u 

~ BH{u)p{u) + H{u)Bp{u) - Bp{u)H'{u) +p{u)B'H'{u) 

+—p{u){b' - uB')H'iu) + —H(u)(b - uB)piu) 
2u 2u 

= BH(u)p(u) - Bp(u)H'(u) + —p(u)(b' + uB')H'(u) + —H(u)ib + uB)piu) 

2u 2u 

= BH(u)p(u) - Bp(u)H'(u) + —(b + uB)p(u)H'(u) + —H(u)p(u)(b' + uB') 

2u 2u 

~ BH{u)piu) H (6 - uB)p{u)H'{u) ib + uB)H(u)p(u) 

2u 2u 

= —{b - uB)p{u)H'{u) - —{b- uB)H{u)p{u) 

^ til ^ Hi 

= ^{b - uB){p{u)H'{u) - H{u)p{u)) 
2u 

The latter coincides with 

(b + uB) {A{u){H{u)p{u) -p{u)H'{u))) + {A{u){H{u)p{u) -p{u)H'{u))) {b' + uB') 
Indeed, this follows from ()2.2p and the equality 

{H{u)p{u) - p{u)H'{u)){b' + uB') = -{b + uB){H{u)p{u) - p{u)H'{u)) 
which, in its turn, is due to ()A.2p and (|A.3p . D 



NC HODGE STRUCTURES: MATCHING CATEGORICAL AND GEOMETRIC EXAMPLES 



23 



A. 4. Proof of Proposition 12. 6L First of all, we need to show that (I2.4p is a w-connection, i.e. 
we need to verify the property (j2.2p : 



A +p(^)^ +p(u)A'{u)iiu) + ^Hiu)ib-uB),b + uB 
du du 2u 



B+p{u) 
B - p{u) 



di{u) 
du 



,b + uB 



+ p{u)[A'{u),b + uB]L{u) + 



L{u),—{b + uB) 
du 



+ ^p(w)(&-^i-B)i(n) + 



—H{u){b-uB),b + uB 
—H{u)ib-uB),b + uB 



= B- p{u) [i{u), B] + —p{u){b + uB- 2uB)i{u) + 

2m 

B - p(u)l{u)B + p(u)Bl(u) H p(u)i(u)(b + uB) - p(u)Bl(u) + 

2n 



H{u)ib-uB),b + uB 



1 

2u 

—H(u)(b-uB),b + uB 
2n 



— (6 + uB) - ((b + uB)H(u) + H(u)(b + uB))B + —((b + uB)H(u) + H(u)(b + uB))(b + uB) 
2u 2u 



+ 



1 

2u 



H{u)ib-uB),b + uB 



1 



-(6+,.B) 



By Lemma lA. II to complete the proof it is enough to show that i{u) is a morphism from V 
to V, i.e. 

^^ + A'{u)i{u) - {i{u)p{u)^^ + L{u)p{u)A'{u)i{u) + — i(n)/7(n)(6 - uB)) - 
an an 2n 

This can be rewritten using ()A.3p as follows: 



((6' + uB')H'{u) + i/'(n)(6' + uB')) ^^ - {{b' + uB')H'{u) + H\u){b' + n5')) A'{u)i{u) 



du 



1 

2n 



i{u)H{u){b-uB) ~0 



Using the Leibniz rule and (j2.2j) . the left-hand side is n-homotopic to 



--^ ((6' + uB')H'{u)i{u) + H'{u)i{u){b + nS)) + -^ ((6' + uB')H'{u) + H'{u){b' + uB')) i{u) 

+—H'(u)(b' - uB')i(u) - —i(u)H(u)ib - uB) 
2u 2n 

~ -B'H'{u)i{u) - H'{u)l{u)B + B'H'{u)i{u) + H'{u)B'i{u) 

+—H'(u)(b' - uB')i(u) - —L(u)H(u)(b - uB) 
2u 2u 

= -H'{u)i{u)B + H'{u)B'i{u) + —H'(u)(b' - uB')l(u) - —i{u)H(u){b - uB) 

2n 2n 
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= -H'(u)l(u)B + —H'(u)(b' + uB')i(u) - —i(u)H(u)(b - uB) 
2u 2u 

= -H'(u)l(u)B + —H'(u)L(u)(b + uB) - —L(u)H(u)(b - uB) 
2u 2m 

= —H'(u)L(u)(b - uB) - —i(u)H(u)(b - uB) 
2u 2u 

= {H'{u)l{u) - i{u)H{u)) — {b - uB) 

2u 

Repeating the argument at the end of the proof of Lemma I A. H the latter is w-homotopic to 0. 

Appendix B. Useful formulas 

In this appendix we hst various "commutation relations" between the operators introduced 
in section [3l 

To avoid duplicating results, we will view (5's, //'s, r etc. as operators on C{A^) where A'^ 
is the unitalization of A. Then most of the formulas below may be interpreted in two ways, 
namely, as equalities between operators whose domain is either C{A) or C^(^). Similarly, we 
will use the symbols like 6(/i), b'"{ii) or 6'*(/i) to denote the operators on C{A'^) given by the 
same formulas as in the main body of the text. Let us also denote by ijS*' the operator on C{A^) 
defined by 

(*) ._ (") 

Using this notation, the operators b^{fi), b'"{^) and b{^) are related as follows 

We will also omit subscripts in symbols like /^„ii, when it does not lead to confusion. 

Lemma B.l. 

a) 5^^^T^ = T^5^^+^^ 

c) b{6)T = Tb{5) 

d) (6(^)-^W)r = r(6(/.)-/x(0)) 

e) 6(;,)(l-r) = (l-T)(6(M)-/.W) 

/) (6(M)-/iW)iV = iV6(M) 
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Proof, a) and b) follow from definitions; c) follows from a); d) and e) follow from b). Finally, 
both hand sides of f) are equal to N/i'^^'N. D 



Lemma B.2. 



a) 5(*)5(^') = -5(^')5« (Vi,i) 



b) /i(*V^^'^ 



-^(^V^*-"'^ ij<i) 



"n Pn+1 



-^S^ii^i'i'^ 0<j<i<n-l 
-^^^l 0<i<i<n-l 



1 < i < n — 1, j 



n 



An) g{^) 

_ (i) r(i+l) _ (i) Ai) n < ■ _ • < 

, A*n+l"n+l A*n+l"n+l U ^ i — J ^ At 



di) 



(i+1) 



M 



Ao) 



(When i = n in the last line, 6n and (5^_|_x stand for 6n and (5„_/.i, respectively.) 

Proof, a) Using the definitions of the 5's, (5„^;^(^„^_;^ = — 5^:|_i5„^i when / ^ 0. This holds true 
for / = as well (both hand sides vanish). The general case reduces to this special one by means 
of Lemma IB. II a) . 

b) Again, by the definition of the ^'s, //nVn+i — ~Mn Vn+i when 1 < I < n — 2. This holds 
true for / = and n — 1, as in these cases it is equivalent to the associativity of the multiplication. 
The general case reduces to this special one by means of Lemma IB. li b). 

Part c) is proved similarly (the last case is just the Leibniz rule). D 

The following lemma is a corollary of the previous one: 



Lemma B.3. 



a) 6(5)(5W = -5^'h{5) 

b) b{6)fi'^'^ = -fi'^^b{5) 



The remaining formulas involve the operator h^. 



Lemma B.4. 



i) 5(o)/i^ = 0, (5^/1*^ = -h'^S^'-^^ {i > 1) 



b) ,,^^)h^ = id, l^^+, = -Kl^ (l<^<n), ^W/i^ 
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Proof. The equalities are straightforward except, perhaps, the very last one. We need to show 
that Tn+i^rn+2 Ki+i = -idn+i- By ([12]) 

Tn+lf^n+2 ^n+l(«o[ai |a2| • • • Wn]) = Tn+l^J'n+2 (e[ao|«l |a-2| • • • Wn]) 

= -(-l)l-"l ^'.^=0 l-'=lr„+i(a„[ao| . . . K-i]) 
= _(_l)M'^n|EfeZoM^a.l(_l)l^an|Efe;ol««fcl)ao[ai[...|a„] = -ao[aiI...|a„] 

D 
From this lemma one easily deduces 

Lemma B.5. 

a) b{5)h^ = -h%{5) 

b) b''{fi)h^ = l-T-^ 

c) b^{ii)h^ = -h%bin) - //(*)) = -/i'=(^(°) + b'^in)) 

The formulas above hold true if we replace C{A'^) by C{A) and h^ by h. 

Appendix C. Proofs for Section [3] 

C.l. Proof of Proposition 13.11 We will start by proving 

Lemma C.l. l{u) and p{u) are u-morphisms of mixed complexes. 

Proof. Let us show that i{u) is a u-morphism. The only part that is not immediate is the 
equality 



By Lemmas IB.ll c) , IB.5I a) 



,/,JW-i.'W(,/,„)=o 



SO we need to show that 

or, equivalently 

f-{l-T-^)hN\ _ f -b''{n)h^hN \ 

\ h^N ) ~ \h^hNb{fi) - b^{^i)h^hN) 

The first components of the two vectors coincide by Lemma IB. 51 b). so it remains to prove that 

h^N = h^hNbifi) - b''{n)h^hN. 
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The latter follows from Lemmas iBlI f). IB. 51 c). IB.4l b). 

Let us show now that p{u) is a ri-morphism. The only non-trivial part is the equality 

b{fi){l - T-^)hfi(^^ = b^ifi) + (1 - T-^)V(°)6'^(^) 

of operators from C^{A) to C(A). Since h'^ : C{A) — )• C+(A) is bijective, it is enough to prove 
that 

6(/i)(l - r-i)/i^(°)/i^ = b''{fi)h' + (1 - T-^)hn^°h^{fi)h^ 

viewed as operators on C{A). Since ^x^^'h^ = 1 and b'"{^)h^ = (1 — t^^) (Lemmas IB.41 IB3]) . the 
latter is equivalent to 

6(^)(1 - T^^)h = (1 - r-i) + (1 - T-^)hfi'^^h^\^i)h' 

which, by Lemmas IB. li e), d), reduces to 

(/i(°) + b''{fi))h = 1 + hfx'^^^b^{fi)h^ 

What remains is to use Lemmas IB. 41 b) , IB.5I c) . D 

To complete the proof of Proposition I3.1| we will prove 



Lemma C.2. 

"■"':(A) 



(C.l) p{u)l{u) = idaA) + {b + uB)H{u) + H{u){b + uB), H{u) := n(l - T-^)hhhN 



(C.2) i{u)p{u) = idc.(A) + {b' + uB^)H%u) + H^uW + uB^), H%u) := (° ^,^°^(o)) 

Proof. 

(Cl\) : Observe that 

p{u)i{u) = idc[A) + ■"(! ~ ''"" )hhN 
We will show that 

bH{u) + H{u)b = u{l - T'^)hhN, BH{u) + H{u)B = 
The second equality is obvious. Let us prove the first one. By Lemmas IB. li e). fB.SI a) 

b{5)H{u) + H{u)b{5) =0 
so we only need to show that 

6(/i)(l - T-^)hhhN + (1 - T-^)hhhNb{fi) = (1 - T-^)hhN 
This follows from Lemmas El] e),d),f), lElb), EH c). 
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(C^) : Observe that 



L{u)p{u) = .dce(A) + (15 (^ _l^J^^^ J + n ( 





h^'hN 



a-OV»'\ ™,„ / 



We will show that 

Again, the latter equality is obvious and we will prove only the former one. By Lemmas IB. li e) . 
EH a), EH] b) 

so it remains to show that 

'b{^^) b^{f^)\(o \ /o \(b{f,) b^{^^)\^(o (i-r-i)Mo)\ 

^ b^ifi)) \0 h'^hn'^^^J ^ \0 h^hn^^^J \ b^ifi)) [O -idc+iA) J 
or, equivalently 

b''{fi)h^hij^°'> = (1 - r-i)/i^(°), b^'{fi)h^hfi^^'> + h^hfi^^h'^iij) = -idc+iA) 

The first equality is due to Lemma IB. 51 b). The second equality is due to Lemmas IB. 51 cl. IB. 41 
b),E2]b). D 

C.2. Proof of Proposition 13.41 That the operators V and V° are dual to each other follows 
from the formulas we wrote out while proving Proposition 13.21 Thus, it suffices to show that 
only one of the operators V, V° is a ti-connection. Let us show that, say, V° is a u-connection. 

Lemma C.3. 

a) [U°{5),W{5)] = [U°{5),b'{p.)]=^ 

b) [V°(5),ST = [V°(<5),6^(5)] = 
c) [T{6),b^{^,)] + [U°{5),B^] = \W{6) 

d) [r,5^(5)]=o, [T,b%^^)] = \w{^^), [t^b^] = -\b^ 

Proof. Part a): The first commutator equals by Lemma [B.3l Let us prove the second equality. 
Writing both 6^(/u) and 11° (5) in the matrix notation, the second equality is equivalent to 

n n—l 

(C.3) /.r^^e-^^ • E ^^l = E 1^ ■ ^Si«i 

j=0 i=0 

where both hand-sides are viewed as operators either on C{A) or on C~^(A). 
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By Lemma IB. 21 c) 



ra-2 

) 

+1 
i=0 \ i=0 

/n-2 

i=0 / 

/n-1 ^ 

\i=0 / 



Mn "n 2.^ h^n+l ~ /^n I "n /__^ Pn+1 ^^ "n H'n+l ^ "n Pn4 

i=0 \ i=0 

/n-2 



n-1 



-/^n 



i=0 



By Lemma [6.21 b). the latter expression equals the right hand-side of (IC.3p . 

Part b): The only non-trivial statement is the second equality. It is a consequence of Lemmas 
|B3]c),|E3]a),|E5]a). 



Part c): Observe that 

2[V°{5),b%f,)]n + 2[U°{5),B% 



*ii 



/21 =^22 

where 

n— 1 i 
i=l j=l 

n—2 i n—1 i 

*21 = K_, E E ^^l^nllKM)n - h\ll)^^,K E E ^i^^n " K.^Nr^.^i.^^'^ 5^^'^ 
i=l jf=l i=l j=l 

n—2 i 
*22 = /^n-1 EE^n-l'^-lfe'^(/^)n " /i^lA^n-l^^^^^"-'^ 

By Lemma IB. 41 

n— 1 i 

*n = -(1 - r-^) E E ^^ - f^'nliKSl^-'^ Nn 

i=l j=l 

n—1 n—1 n—1 

= - E(< - ^^^n + r-'5^:-'^N^ = - E <5^ + E ^n + 4°^A^n 

4 = 1 4 = 1 i=l 

n—1 n—1 n—1 n—1 

= - E ^^^< + E ^^^ + '^^^^^^ = - E ^i°^< + E ^i^^ + ^i°^^" = ^(^)n 

4 = 1 4 = 1 4=0 4=0 
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To simplify *22, let us use the fact that h'' : C{A) -^ C+(^) is bijective. For a G A sA'^^""^) 

n—2 i 
n—2 j 

n—2 i n—2 i 

i=l j = l 1=1 j=l 

n—2 i n—2 i 

= ^n-1 EE^n-i'^n-i(") - K-iEE<~l^tl\o.) - K_,N^^,5t? {a) 

i=l j=l i=l j=l 

n—2 n—'i 

= /i^l E^n=lfc'^(«) - ^n-1 E'^n-l(«) " K-lNn-lSt\'\a) 
j=l i=0 

n—2 n—2 n—2 

= K_, Y^ rizWn-l\c.) - K^, Y. ^n-M) - K-lNn-l5tl\a) = -K_, Y ^n-l(«) 
j=0 i=0 i=0 

By Lemma TB. 51 a) the latter equals 6((^)^(/i^_^(a)). Thus, *22 = b{5)^. 



It remains to show that *2i = 0. By Lemma iB.SI c) it is enough to prove that 



n—2 i n—1 i 

.3 X(0 



j=l j=l i=l j=l 

By Lemma IB. 21 cl 



•'n 



\k=0 / \k=i / 

for i > 1. Therefore 

n—2 i n—2 i i n—2 i n—1 



i) 



EE-^iei^(A^). = -EEE-ii-i^^'^^^^^ -EEE-^i/^i'^^^ 

i=l j=l i=l j=l k=0 i=l J=l fc=j 

n—1 j— 1 i— 1 n—2 i n—1 

= - E E E -i-^f^'^^ - E E E -^i/^i'^^i'^ 

i=2 j=l fc=0 i=l i=l fc=j 

Thus, the coefficient "in front of" 6n in the left hand-side of ()C.4p equals 

i— 1 i— 1 i n—1 i 

(C-5) - E E ^--l^n'^ - E E ^^1/^"'^ + (^(^)n - ^n-'^) E ^n' 

j=l fc=0 j=l fc=i _7=1 

if 2 < i < n - 2, 

n-l 

fc=i 
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if i = 1, and 



n—1 n—1 n— 1 



i=l fc=0 j=l 

if i = n — 1. We will prove that ()C.5|1 vanishes and leave the second and the third cases to the 
reader: 

- E E -Lii^'n^ - E E <-A'^ + (b{f^)n - /^r^^ ) E -^ 

j=l A:=0 j=l k=i j=l 

i—1 i—1 i n—1 n—2 i 

— ~ Z_^ /_^ '^n-lf^n '^n ~ /_^ /_^ '^n-ll^n '^n + /^ /^ '^n-lf^n '^n 

j=l fc=0 j=l k=i k=0 j=l 

i—1 i-1 i n-1 i j+n—2 

— ~ Z^ Z^ ''"n-l/^n. '^n ~ /_^ /_^ '^n-lt^n '^n + /^ /^ ''"n-lA'n '^n 

j=l fc=0 j=l k=i j=l k=j 

The interval for k in the third expression contains the interval for k in the second one, so 

i—1 i—1 i n—1 i j+n—2 

~ Z^A^^n-ll^n '^n ~ 2_^Z_^'^n-ll^n '^n + /^ /^ ^n-l^^n '^n 
j=l k=0 j=l k=i j=l k=j 

i—1 i—1 i i—1 i j+n—2 

j=l fc=0 j=l k=j i=l k=n 

= - E E -^^^-n + E E -^^^'-n + E E rLt^'f^^rt- 

j=l fc=0 j=l k=j j=l fc=0 

~ ~ Z-^A^'''n-l^^■ri ''"n + 2^ 2-,,''"ra-l/^7i ''"n + ^ ^ ''"n-l A'n '^n 
j=l k=0 j=l k=j j=l k=0 

i—1 i—1 i i—1 i—1 j — 1 

j=l fc=0 j=l k=j j=0 k=0 

i — 1 i — 1 i — 1 i — 1 i — 1 j — 1 

~ ~ Z^ Z^'''n-lf^n '^n + Z^ /^'''n-lf^n '^n + /^ /^'''n-lf^n '^n 
j=l fc=0 j=l k=j j=l k=0 

= - E E -^^^'-n + E E -^^^'-n = 

j=l k=0 j=l k=0 

Part d) is straightforward. D 

Lemma IC.3I implies 
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which proves (\2.2h for V°. 

C.3. Proof of Proposition 13.51 Let us show that 

Using the matrix expressions for b^ and B^, the statement can be seen to follow from the following 
equalities: 

<5io)iV„6-(^)^_^^/,^ = 0, 

n n+1 

Since the last two equalities are quite straightforward, we will give proofs of the first two only. 
The first equality follows from Lemma lB.2l c): 

n-l 



i=l 
n-l 

A'n+l^n+l Mn+l"n+l Mn+l"n+l Mn+l"n+l / ^ Mn+l"n+l 

2=1 

n 
A*n+l"n+l A^n+l"n+l / ^ A^n+l"n+l " A'n+l^n+l Mn+l"n+l "VF'Jn+l"n+l 



,(0) ;^(i) _,,(") a(") _y^„« a(o) -_,,(o) a(i) _ „W aW _/,/„^ a(o) 

i=0 

The proof of the second equality uses Lemmas IB.lI f). IB.2l c) and the computation we just did: 

K;")„+i4'?i^n+i + <5(0)Ar„6(/,)^^^ = b{fi)^_^/^lN„.+^ + <5f(6(;u)„+i - /ii"^^i)iV„+i 

= (&(/^)n+l4+l + <5f 6(/x)„+i)iVn+l - <^i°VSl^«+l 

- r „(°) a(i) „(") a(") ^Ar a(o)„W Ar 

-r_„(o) a(i) _ „(") a(") -u„(") a(°) -u„(") a(") ^Ar 

— V fJ-n+l^n+l Mn+l"n+l "•" H-n+l^n+l "•" H-n+l^n+ll^^n+l 

-( „(o) a(i) -u„(") a(°) ^Ar -r „(°) -r-i a(°) -r -u„(°) -r-i a(°) \n -n 
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C.4. Proof of Corollary 13. 6L Let us show that 

2w2(V - V) = {W + uB'')H{u) + H{u){h'' + uB^) 
where H{u) = Hq + uHi : C^{A) -^ C^{A) and 

We will use the following property of N': 

{l-T-^)N' = -N-2T + 1 

Let us compute {b^{5) + b^{n) + uB^)Hq + Hoib^iS) + b^{n) + uB^) first. By Lemma El b), 
6^(5)Fo + Hoh''{5) = 0. By Lemma[Bjb) 

Finally, 



Thus, 

(C.6) (6^(5) + b^iii) + uB^)Ho + Ho{b%5) + b%fi) + uB^) = 2l((^) + uT 

Next, let us compute {b''{5)+b''{^l)+uB^)Hl + Hi{b^{5) + b''{p) + uB''). Note that b%d)Hi + 
Hib'^{5) = by Lemmas IB.ll c) and IB.5I a). Also, B^Hi + HiB'^ = for obvious reasons. 
Furthermore, by Lemma IB. 51 b). c) 

ue( ^rr ,rr .ei ^_( b''{fl)h^N' 

(l-r-i)iV' 

/^^(^(o) + b''{p))N' + h^N'bin) h^N'b'^ifj.) 

-N-2T + id 

-/i'=(/i(o) + b^{fi))N' + h''N'b{n) h'^N'b'^^in) 

^f -N-2T + id 

To explain the last transition above, we'll take a € C{A) and notice that 
h^N'b''{fi)h%a) = h^N'{l - T-^){a) = -h^{N + 2T - l){a) = -h^Nfi'-^^h^ia)) - 2r(/i^(a)) 
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Let US simplify the remaining entry of the matrix ()C.7p : 

n n n+ln—1 

i=0 j=l j=l i=0 

n n n+ln—1 

— Z_^ 2^J^nH'n+l Z^Z^J^n H-n+Vn+l 
i=0 j=l j=l i=0 

n n n n—j n+1 n— 1 

i=0 j = l j=l i=0 i=2 «=n— j'+l 

By reindexing and resumming one gets 

n n n i n—l n 

E E ^^/^Si - E E ^^/^nii - E E (^ + 1)^^^! 

i=0 j=l i=l j=l i=0 j=i+l 

n—l n n—l n 

Inserting this formula into (|C.7p gives 

(C.8) b^[^i)Hl + Hib%fx) = -T-2T + 2V{fi) 

Thus, by del]) and ([08]) 

ms, + v(,) +uB'-)^^ ^ms) + »'(,) + ..B') = ^ + ^^ 

which finishes the proof. 

C.5. Proof of Corollary 13.71 The proof is based on formula (|2.4p applied to ()3.9p . with i{u), 
p{u), and H{u) given by (|3.5p . (|3.6p . and ()C.ip . respectively. Let us compute all the summands 
in (1231). 

First, observe that 

, .di(u) , . _-,,, ,„Ns / 

^^")^^" "" ■■ 

since 



1 (1 - T-i) V(°)) (^^e^ = (1 - r-^)hhN ~ 



(1 - T-i)/i/iiV = (6 + uB)^^ + :^(6 + ^m 

u u 



where H{u) = u{l — r ^)hhhN (see the proof of Part a) of Lemma IC.2p . Furthermore, by 
Lemmas IB. 41 a) ,b) 

piu)Ui5).(u) = 1 (1 (1 - r-)/.^(0)) (-^''^'''' -^'l''''^ p^^) = -i;.(0),(i) = U""(^) 
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and similarly p{u)V{5)i{u) = V'^"'{5). It remains to compute p{u)Tl(u): 

p{u)Ti{u) = r + n(l - T-^)hii^^^Th^hN = r + n(l - T-^)hfi^^\h^hNT - h^hN) 
= r + n(l - T-^)hhNT - u{l - T~^)hhN ~ T + ((6 + uB)H{u) + H{u){h + uB))T 
By Part d) of Lemma IC.3| the latter is u-homotopic to 



r-ii7(n)(6(/i)-ni?) 



To summarize, 



p{u)—p- + p{u)-\r^i{u) + p{u)-^i{u) + p{u)-i{u) + —H{u){h - uB) 
du w^ u u 2u 

tt^ u u 2 

C.6. Proof of Proposition [3T8l Let us start by introducing the following operators on C'^(A): 

7„+i(ao[«i| • • • \an]) = deg{ai)ao[ai\ . . . |a„] 
They extend to C{A'^) and the extended operators satisfy the relations 



Ji) _ ^-i JO) i 
ln+1 — ^n+lln+Vn+1 



Obviously, 



rUi = E^i+i + 2rn+i 



Si) 
i=0 



Lemma C.4. 



") ^">''-{:;::;^^'" :;^ 



"J In rn-V 



n+1 



h^n+lln+1 ' ^ J 

U) (*+l) • ^ ■ 



^' ^ |/i^7(*-i) i > 1 

Proof. Part c) is obvious. The rest is very similar to the proof of Lemma IB.21 the case i = 
is easy; Lemma fB. II a).b) reduces the general case to this special one. D 

Let us show that 

2u'^{Vgr - V) = {b^ + uB^)H{u) + H{u){b^ + uB^) 
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where H{u) = Hq + uHi : C%A) -^ C%A) and 



/,,(0) (1) (0) (1) \ ^ / 

(Hn) ,1 — I ^n+1 'n+1 /^n+l/n+l | ( U,) ,, — 



''"n+lTn+l 0/ 



Let us compute {b%5) + 6^(^) + uB^)Ho + Ho{b%6) + 6^(^) + uS^) first. By Lemmas EDb), 

h''{5)Ho + Hoh\5) = -2U{5) 
By Lemma EH b) 

where 

Using Lemma IB. 21 b) 

6(^)^(0)^(1) ^ ^(0)(5(^)^(l) + ^(0)^(2) ^ ^(1)^(2) _ ^(0)^(1)) 

= ^(0)^(0)^(1) _ ^(0)^(0)^(1)^0 

i.e. 6^(Ai)^o + ^o^'(/^) = 0. Also, by Lemmas [Cjc), [El b) 

^ ^ / ^(o)iv \ , 

B^i/o + H,B^ = (^^e^^(o)^(i) /,e^^(0)^(i) j =■■ T 

Thus, 

(C.9) (6"(<5) + 6"(/i) + u5^)^o + Ho{b%5) + b^{fi) + uS") = -2U{5) + -uT' 

Let us compute {b'^{S) + b^{fi) + uB^)Hi + Hi(b^(6) + 6^(/u) + uS*^) now. First, by Lemmas 
[B3]c),E5]a),E31a) 

(CIO) b%6)Hi + Hib^'iS) = -2V{5) 

Also, B'^Hi + ^1^^ = 0. It remains to simplify b%ix)Hi + Hib%fi). 



where 

n— 1 n 
j=l j=i+l 
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lyi ]_ 77, 77, 2 'ri' — 1 

1=1 j=i+l i=l j=i+l 

n—2 n—1 

1=1 j=i+l 

By Lemma IB. 51 

71 — 1 71 71 — 1 71 — 1 71. — 1 

j=l j=i+l i=l i=l i=l 

n—1 n—1 n—1 

i=0 i=0 i=0 

(c.ii) =-7fiVn + r:,-2r„ 

To simplify *22, take a G A (g) syl®("--2) g^^^^^ apply *22 to /i^_^(a): 

n—2 71—1 71—2 n—1 

^n-lE E ^n-l7i'llfc^(A^)n/^n-l(«) = /^:;-lE E ^n-l7jll(l " ^n-l)(«) 
i=l j=i+l i=l j=i+l 

n—2 n—1 n—2 n—1 

= ^n-lE E -^l7jll(«)-^n-lE E -n^ntl^H 
i=l j=i+l i=l j=i+l 

n—2 n—1 n— 3 n—2 

= ^n-lE E ^n-l7l-l(«)-^n-lE E ^n-l7nll(a) 
i=l j=i+l i=0 j=i+l 

n— 3 n—1 

= ^n-l7i-f^(«)+/in-lE E ^n-l7jll(«) 

i=l j=i+l 

n— 3 n—2 n—2 

-K-iY. E ^^i7i'-i(«)-/^n-iE^n-i7i°-i(«) 

i=l j=i+l j=l 

n—3 n—2 

= K^,l^S,^\a) + K_,Y.i^_,{a) - K_,Y,<-ilT-M) 

j=i j=i 

n—2 n—1 

= /i^l E7nll(«) - /i;;-liVn-l7i°i(«) = E7i^^^n-l(«) - K_,N„,^^^^^U^^K_,{a) 
i=Q i=0 

Thus, 

(C.12) *22 = r:, - 2r„ - K_,N„.-ifi^^hl!li 
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Furthermore, by Lemmas IB.5I c) , IB.ll b) , IC.4I b) 

n— 1 n n—2 n—2 n—1 n—1 

i=l j=i+l fc=0 «=1 j=i+l k=0 

n—2 n—1 n—j—1 n—1 n n—2 

= -K-1 E E E <-l^^-''h^ - K-i E E E rl\^^^^''^l^ 

i=l j=i+l fc=0 1=1 j=i+l k=n—j 

n—2 n—1 n—2 n—1 n—1 

+^n-iE E rLM^i^:^+f^^ht'^) + K-iE E E ^n-A'¥:^ 

i=l j=i+l i=l j=i+l k=i+l 

n—2 n—1 i—1 

+K-iE E E-^i/^i'^^r^) 

j=l j=i+l k=0 



or, after reindexing 



n—2 n—1 n—1 n—1 n—1 j—1 



n-1 Z-,' Z^ Z^^n-lH-n In '''n-l /_^ /_^ Z^^n-lH-n In 

i=l j=«+l fc=j j=l j=i fc=0 

n—2 n—1 n— In— 1 

+^n-iE E ^^l/^iSi^^+^n-lEE<-l^^'^7« 

i=l j=i+l i=2 j=i 

n—2 n—1 n—1 n— In— 1 i—2 

+hn-iY. E E rL,^^,^ + K-iY.Y^<_,^,^ 

i=l j=i+l k=i+l i=2 j=i fc=0 

n—2 n—1 n—1 n— In— Ij— 1 

= -^n-iE E E-^i/^i'^7«-^n-iEEE-^i^^'^7« 

i=l j=i+l k=j i=l j=i k=0 

n—2 n—1 n—1 n—1 n—1 i—1 

+^n-iE E E-^i/^^'^7« + /^^iEEE-^i^^'^M^^ 

i=l j=i+l k=i i=2 j=i k=0 

n-1 

- -h^ Vr^' ,,(0)^(1) - _/,e TV 1 ,,(0)^(1) 

— "'n-1 2_^^n-irn In — 'V-l^^n-lMn In 

This, together with (fCl9l) . (ICTTnl) . (ICTTTI) . and (fClT2]) shows that 



2v? 2v? ^ ' ' ''^^ ' 2u V? 



Appendix D. Proofs for Section H] 



u 



D.l. Auxiliary lemma. Let us derive some basic properties of operators similar to h'^{w) and 
h%D{w)). 
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Let {A,d) be an (abstract) dg algebra and a G A. Consider the following operator on C^{A): 

n+l 



1+1 
1=1 



where 

(D.l) a!;|i(ao[ai| • • • |a„]) = (-l)l™IS}=o l^'^ilao[ai| . . . \ai-i\a\ai\ . . . |a„] 

Note that the parity of b^{a) is opposite to that of a. Clearly, b^{a) preserves the subspaces 
C(^) and C'^{A), and therefore we may also think of it as represented by the matrix 

'6(a) 



b{a) 

where the two 6(a) 's are the restrictions of 6"^ (a) onto C{A) and C'''(^), respectively. It is also 
obvious that b'^{a) extends to C'^'^(yl). 

We will need yet another operator ad(a) on C^(^) defined as follows 

n+l 

ad(a)„^i := ^ ad(c 



iaJn+i 



j=0 

where 

ad(a)^*|i(ao[ai| ... |a„]) = (-l)'"' ^j=o l''''jlao[ai| . . . |[a,ai]| . . . |a„] 
([, ] stands for the super-commutator). 

Lemma D.l. 

a) [b%6),b%a)]=b%da) 

b) [6"(;u),6^(a)] = (-l)l"lad(a) 

c) [i?^6^(a)]=0 

d) [6^(a'),6^(a)] =0, Ma.a' 

Proof. As in section [Bl it will be convenient to extend all the operators to C(^'^) and establish 
the relations on the whole of Q{A^). 

Observe that the extensions of a^j^i and a.d{a)^_^^ to C{A^) satisfy the properties 

'^n+l = ■'"n+2"n+l''^«+l' ^^\'^)n+l = ''"n+l^'^(")n+l''"n+l 

where a|f|^(ao[ai| . . . |a„]) = a[ao|ai| . . . |a„]. 
a) By dal]) 

S) „(0) _ } ""n+l' 



''n+2"n+l 



(-l)|"|+^4°ilCl^ ^^0 
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Therefore, by Leninia lB.il a) 



"?i+2"n+l — "n+2^n+2"n+l^n.+ l " ^n+2"n+2 "n+l^n+1 
LV J^^ ^n+2"n+l°n+l ^n+1' * 7^ J 



,0) 



dai-ii, ^ = J 






Then 



n+ln+l 

i=0 j=l 
n+1 n n+1 n+l J— 1 

- V S^'^ a^^ + V V 5^^ a^^^ + W 5^'^ a^^'^ 

— Z_^ "n+2"n.+ l T^ Z^ Z^ "n+2"'n+l ^^ /^ /^ "ji+2"n+l 
i=l «=0 i=J+l i=2 j=l 

n n+l n+l i— 1 

i=0 j=i+l i=2 j=l 

n n+l n i 

= 6^(dau, + (-i)H-^iE E «Si^^li + (-i)''^'^^EE«niiei 

j=0 j=i+l i=l j=l 



b) Set 



n(0) 



^(«)n+i(«o[ai| . . . \an]) = aao[ai\ . . . |a„], /(a)^|i := r„|i/(a)^ir;+ 



(i) .. 



^(0) 



^(a)Si(ao[ai| . . . |aj) = (-l)l»ll'^«laoa[ai| . . . |a„], r{a) 



{i) 



^(0) ^« 



n+l •— ''"n+l^l'^in+l'^'n+l 



Ai) 



nW 



N« 



Then, clearly, ad(a)„:j_^ = /(a)^^_^ — r{a)l^^i. The following is easy to check using (j3.2 



/^n+2"n+l — S 



r(-l)H/(a)i°j„ i = 



(_l)|a|+i«(ot^(^-i), l<i<n 
t(-l)H+Ma)lVn~+i> ^ = " + 1 



In combination with Lemma IB. li b) this gives 



Ai) U) _ (i) -j (0) j _ (i) ^n+2-j (0) j 
/^n+2"n+l ~ /^n+2'n+2"'n+l'n+l ~ rn+2'n+2 "n+l 'n+l 

_ J ^n+lH'n+2 "n+l^n+1 * J ^ U 



, 'n+lA^n+2 "n+l 'n+l 



i-j>0 
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Then 



'(_l)kl 


(_l)kl 


(_l)kl 


(_l)kl 


_(_1)M 



-1) '^l+V,l;ia(°VtV^^'^V;i^, -n-l<^-J<-2 

-l)'^l+Vi«i%l+rM+i l<^-J<n 

-1) ^\+'r-l,r{atlr~l,ri^, ^-J=n+l 

+iai^"^Vi+i -n - 1 < i - J < -2 

K«)i+i ^-i = o 

+^a(fVl+i^ 1<^-J<n 



n+ln+l 

i=0 j=l 
n+1 n+1 n+1 n+1 n+1 i+1 

~ 2^ Mn+2"'n+l T^ 2^ Mn+2 "n+l ^^ ^ /^ F'n+2"n+l ^ /^ /^ Mn+2"'n+l 
i=l j=l i=0 j=i+2 1=0 jr=l 

n+1 ra+1 

n+1 n+1 n+1 j— 1 

+(-i)"^'^^E E «r^lti + (-i)"^'^^EE«l^VK^ 

j=0 j=i+2 i=0 j=l 

n+1 n+1 n+1 i—1 

j=0 i=i+2 1=0 i=l 

n— 1 n n i 

j=0 j=i+l i=l j=l 



c) First, note that B^ is the restriction of h^N onto C'^(^). Then observe that 

n n n 

iV„+i6^(a)„ = Nn+i Y, ^n|i«f < = E ^«+i«n°^< = ^n+iaf J] < = iV„+iaf iV„ 

1=1 i=l i=l 

and similarly 

n n 

4 = j=0 

Furthermore, one checks easily that 

(D.2) /i^+ia» = (-l)\^+^a!^}^ 
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Thus, 

n n+1 

i=0 i=l 

d) By (fDH) 

«l+2al+i(ao[ai|---|on]) 
_ f (-l)l^«l Sto l*'^fel(_i)l^'^'l ECo l^'^'lao[ai| . . . \aj-i\a'\ . . . \a\ai\ . . . |a„] j < i 

~ |(-l)IHEI-ol«"fcl(_i)k«'IEQ? l««il(-l)l^«'IIHao[a^| . . . \ai_i\a\ . . . \a'\aj-i\ . . . |a„] j > i 

which means 

l^-3i «n+2fln+l — l"-"-] S (j) ,0-1) 

The latter iniphes the statement. 

D.2. Proof of Proposition 14.21 Part a) follows from Lemma ID.ll immediately since in our 
case [D{w),w] = 0, ad{w) = 0, and b^{w) = (the latter is a special case of Part d) of the 
Lemma). 

Part b): One needs to show that 

6^exp(6^(D(ii;))) = exp(6"(Z)(u;)))(6'^(/i) + b%w)), S^exp(6^(Z)(u;))) = exp{b%D{w)))B^ 

The proof is straightforward application of the following formulas 

[b%6),b%D{w))]=2b%w), [b%^,),b^{Diw))] = -b%6), [B^b%D{w))]=0, [b%w),b%D{w))] = 

which, in turn, follow from [D{w),D{w)] = 2w, ad(Z)(it;)) = b^{6) and Lemma ID. II 

Parte): That str is amorphism of complexes (Cn'^(C[y](g)EndcF), &''(/x)) -^ {C^'''{C[Y]),¥{n)) 
is a special case of a more general fact (see, for instance, [18|) but it is also easy to prove in our 
special case. It is enough to show that str • fi^^' = ^^^' ■ str and str • r = r • str: 

str • /i(°)((0o «) Eigi^)[(j)i (g) Ei^i,,\. ..\(j)n<S) Ei^ig]) 

= (_i)kM, l+l''nlstr((0o(/>i Ei^i^)[(j)2 ® Ei^i, | . . . |<^„ Ei^i^]) 

= (_i)I%I+KI(_i)("-2)I%I+E:=2 McI)oMM ■ ■ ■ \<Pn] 

= (_l)("-i)Kol+Er., Kl<^g0^[<^2| . . . |<An] 

= /i(°) • Str((0o 'S) ^ion)[</'l «) filial ■■■\4>n'^ Ei^i,,]), 
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str • r„+i(((/)o ^ioJi)[(/>i (X) Ei^i,,\. . . !(/>„ (^ Ei^i^]) 
= (_l)(l^</'ol+k.ol+l^nl)(nri'(l^'^*l+KI+K+il)+l«</'"l+l''«nl+l%l)str((0i (g)Ei^iJ[. . . {(Po^Ei^h]) 

= (_1){1+Kl+Kl)("+Kol+Kl)str((0i i?,,,,)[. . . |,/.o i?.on]) 

= (-l)«(i+l-»ol+l-nl)str((0i i?,,,,)[. . . |,/.o i?.on]) 

= (_l)"(l+k»ol+l^nl)(-l)(""m^nl+l^'ol+Er=2l''«J(^^[. .. |0g] 

= (_l)"+(n+l)|t;.ol+E?=i l^'=l(/)i[. . . |</.o] = (-l)"+("-l)l^»ol+Er=i l''«-l</)i[. . . |0o] 

= (_l)(n-i)KI+Er=i l--lr„+i(</,o[</,i| . . . !</.„]) 

= Tn+l • Str{{(j)o ® E'joii )[(/>! (g) -Eiiial . . . |0„ -Ej„Jo]) 
It remains to verify that str commutes with b^{w) and B^: 

str • t(^i+i((0o <» -E^ioii)['/'l ® -Emilia I --AK® Ei^i^,]) 

= (-l)*+l''«ol+l'^Hlstr((</.o ® ^»o*i)['^i ^ Ei^^2\■ ■ ■ \<Pt-i O E,^_^i^\w (g) 1[ . . . |(/)„ ® E,„iJ) 

= (_l)t+b.ol+l'^Hlstr(((/.o ® -EioiJ[</.i ® E,^,^\. . . \(j)t^i ® E,^^^ijw Ei^i^l . . . |0„ -E,„iJ) 

= (_l)t+KI+l^»tl(-l)«l^»ol+KI+Er=i l^»sl^o[0i| . . . \^t-i\w\ . . . |0„]) 

= (-l)*(-l)("-m-.,l+Er=i l-».l0o[0i| . . . \cp,_,\uj\ . . . I0„]) 

= t(;^*|i • str(((/)o (8) -Ejoii ) [(/'i ® -EiiiJ . . . I0„ (g -Ej^i,,]) 

(in the above computation, we impHcitly use the fact that \Eij\ = \vi\ + \vj\), 

str • h''{{(j)o ® -Eiojj[0i (g) -EjiiJ . . . [0„ (g) Ei^ig]) 

= str{e[(j)o (g -Ejon [<^i ® -^'j^jj . . . |0„ (g -Ej^jo]) 

= (_l)(™+i)k.ol+Er=i l-«Je[(/>o| . . . \^n] = ff ■ str((0o ® E,,i,)[<l)i ® E,,i,\. . . I0„ E,„,J) 

Part rfj; The statement is an easy variation on the classical Hochschild-Kostant-Rosenberg map 
(cf. i). 

Part e): The quasi-isomorphism of complexes constructed in |17] is the composition of e • str ■ 
exp{—b^{D{w))) with the embedding 

iC{A^),b) ^ {C{A^),b') 

Since the latter embedding is a quasi-isomorphism (see Proposition 13. ip . we conclude that e ■ 
str • exp{—b'^{D{w))) : {C'^{Aw),b^) — > {Q{Y), —dw) is a quasi-isomorphism. It remains to apply 
Lemma 14.11 D 
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D.3. Proof of Proposition 14.31 It will be convenient for us to work with V instead of V (see 
Corollary 13. 6p . The proof of Proposition 14.31 will be a combination of two Lemmas. 
Let us extend ex-p{—b'^{D{w))) to a map from C^''^{Aw) to itself 



Lemma D.2. 



In particula'^^ 
(D.4) 



eM-b%D{w))){U{5)+U{n))exp{b%D{w))) = U{fi)+U{w), 
eM-b^iD{w))){V{5) + V{n))exp{b^D{w))) = V(/i) + V{w), 



d_ U{ii) + U{w) Vjfi) + V{w) 
du u^ u 



is a u-connection on (C '^(^^),6^(/u) +b^{w),B^) homotopy gauge equivalent to V and V. 



Proof. We will be using the following formulas obtained earlier (see the proof of Lemma iD.ip : 



(D.5) 



^%D{w) 



U) 

n+l 






(D.6) 



,W 



(i) 



^:uDMnU 



r{D{w))^^-l^ 



-n-l<i- j <-2 

i-j = -l 

i-j = 

1 < i — j < n 



U(^H)„Vn+i i-j = n + l 



(D.7) 



l^n+2'^n+l 



(i-1) (i) 



-riw 



liw 



Xi) 



n+l 



ln+1 



-n-l<i-j<-2 

i-j = -l 

i-j = 

1 < i — j < n 



j = n-\- 1 
In what follows, we represent h^{D[w)) by the matrix 



(b{D{w)) 

V b{D{w)) 



as we agreed in section ID.ll 



Note the similarity between (|3.11|) and (|D.4|) : the connections seem to be special cases of a more general 
formula which should work for arbitrary curved Aoo algebras. 
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Let US simplify ex.p{—b'^{D{w)))U{6)e-K.p{b'^{D{w))). Clearly, 

2[U{6),b%D{w))]n 



By dEl]), dnn) 

n n 

n 

i=2 
and therefore 

(D.8) [Ui5),b%D{w))] = 2U{w) 

The operators b^{D{w)) and — /i„_j.xWn = T{wy^ are easily seen to commute, so we conclude 
that 

(D.9) exp(-6^(Z)(u;)))U((5)exp(6"(D(u;))) = U{5) + 2U{w) 

Furthermore, using -Mi+i/xJ^^|2 = ^1+1/^1+2 



/il°il/iS2K^(^))n+l - &(^(^))„-l^i°VSl l^T+Jnl2KD{u^))n+l " K^(«^))n-l/^i°VSl 





ByjEH) 

n+l n+1 

A'n+lA'n+2"V-'^l"^yJn+l " / , h''n+lh''n+2^\"^ )n+l — /^n+l/^n+2^V"'Jn+l ^^ / , H'n+lH'n+2^\'^ >n+l 

i=l i=2 

n+l 1 

i=2 i=i 

n 
3=2 

Observe that 

/xi+ir(L>(«;))I2i(ao[ai| . . . |aj) + r(L>(u;))^°Vnii(ao[ai| • • • |a„]) = -aoil^lu;), ai][a2| . . . |a„] 

= ^i+i45i("o[ai|...|a„]) 
Hence 

[U{^^),b%D{w))] = -U{S) 
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Therefore, by dP^S]) 

[[U{fi),b'{D{w))],b'{D{w))] = -[U{6),b%D{w))] = -2U{w) 
and we conclude that 

e^p{-b^{D{w)))U{fi)e^p{b%D{w))) = U{fx) - U(6) - U{w) 
By (jD.gp and the latter formula 

exp{-b%D{w))){U{6)+U{fi))exp{b%D{w))) = U{fi)+U{w) 

Let us compute exp{—b'^{D{w)))V{S)ex.p{b^{D{w))) now. We have 

2[V{6),b'{D{w))]n 


BydEl]) 

n n+1 n n+1 n 

n—1 n+1 n n n+1 i— 1 

= -^n+iE E E rU,D{w)^)6^'^-hUiY. E E^"+i^Hn^'^n"'^ 

i=l l=i+l j=i+l i=2 l=i+l j=l 

n n+1 

-2^n+lE E ^-+1^-^ 
i=l Z=i+1 

Using the formula D{w)n = ''"rr+i^('"^)™ "^"j ^^^ latter equals 

n— 1 n+1 n n n+l i~l 

-^n+iE E E ^;^^Hi°^^M^-^n+iE E E^+^^h^°^^M^"'^ 

i=l /=i+l j=i+l i=2l=i+lj=l 

n n+1 

-2/^n+lE E ^"+1^"^ 
j=l Z=i+1 

n—1 n+1 Z— 1 n—1 n+1 n 

= -^n+iE E E D{wt^'^^-^)rt'si:)-K^,Y. E E^H^'^«^ 

i=l l=i+lj=i+l i=l l=i+l j=l 

n n+1 i—1 n n+1 

-^n+lE E E^H^"^'^''"'^-^''^i^"'^-2^n+lE E ^n+l^i^^ 
i=2 l=i+l j=l i=l l=i+l 

After reindexing we get 

n—1 n n n—1 n n— i 

-^n+1 E E E Diw)^^^Tl,6^^ - K^, E E E ^(^)^''^^n'5« 

j=l Z=j+lj=n+'j+l-i j=l l=i+l j=0 
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n—1 n n+i—l n n+1 

i=l 1=1+1 j=n+l-l i=l l=i+l 

n—1 n n n n+1 

= -^n+lE E E^Hn^^n-^n^-^^n+lE E ^n+rf 
i=l l=i+l j=0 i=l l=i+l 

By (|D.2p the latter equals 

n n—1 n n ra+1 

-E^Hi^i'^^nE E -L^^^-^K+iE E ^«+i-i^^ 

i=0 i=l l=i+l i=l l=i+l 

n—1 n n n+1 

= -b{D{w))^^,KY^ E r'A^-^K+iY. E < 
1=1 i=i+i i=i i=i+i 



+1^1^^ 



Thus, 

(D.IO) [V{5) , b%D{w))] = 2V{w) 

By essentially repeating the computation we just did word for word, but using ()D.3p instead 
of (jD.5p . one can show that 

m5),b%D{w))],b%Diw))] = 

Therefore, 

(D.ll) exj>{-b%D{w)))V{6)exp{b%D{w))) = V{6) + 2V{w) 

It remains to compute exp{—b^{D{w)))V{fj,)exp{b'^{D{w))). The computation is very similar 
to the previous one. 

2[V{^,),b'{D{w))]n 
_ f 

" \-K T:=i TJUi r'JXAD{w))^ + b{D{w))^^,K E-=i E?=^+l <f^% 
ByjEl]) 



n—1 n n—1 n n 

-^nE E r'nf^iilb{D{w)l, = -KY^ Yl E^n/^nll^Hi^'^ 
i=l Z=i+1 i=lZ=i+lj=l 

n—2 n n n—1 n i—1 

-^"E E E ^«^Ht/V«-/^nE E E-nD{w)i!l^st'^ 

2=1 ;=j+l j=j+2 i=2 l=i+l j=l 

n—1 n n—1 n 

+KY1 E ri,l{D{w)t - KY E <^iD{w)t^ 

i=l l=i+l 1=1 l=i+l 
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n— 2 n n—1 n—2 n i 

n—1 n 

+ky: e -nS^ 

Using I?(u;)2i = Tn^ D{w)^°1^tI_^, we get 

-^nE E E ^"^'^(-f-^l-^l/^^^ - ^n E E E^n-'^HnlirLlt^'ii^ 
i=l l=i+lj=i+l i=ll=i+2j=l 

n—1 n. 
+K. E E ^'^n ^ 

n—2 n l—l n—2 n n—1 

i=i i=i+ij=i+i i=ii=i+ij=i 

n—2 n i n—1 n 

i=ll=i+2j=l 1=1 l=i+l 

Just as in the previous computation, re-indexing shows that the latter expression equals 

n—1 n—2 n—1 n—1 n 

-KEDHnliE E rLif4? + KE E -nS^ 

j=0 i=l l=i+l i=l l=i+l 

and, by (|D.2p . we finally get 

n—2 n—1 n—1 n 

i=l l=i+l i=l l=i+l 

Thus, 

["^{^,),b^{D{w))] = -V{5) 
and by (|DlO]) 

m^,),h^{D{w))lb^{D{w))] = -[V{5),h^{D{w))] = -2VH 
Therefore, 

exp(-6"(Z?(u;)))V(/x)exp(&^p(u;))) = V(/x) - V{5) - V{w) 
This, along with (jD.lip . proves that 

exp(-6^(L>(u;)))(V(5) + V(/i))exp(6^(Z)(u;))) = V{^i) + V{w) 

Lemma Id. 21 is proved. D 

To finish the proof of Proposition 14. 3| one needs to add the following u-morphism to the 
u-connection (|D.4p : 
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Lemma D.3. The u-morphism 

\{-u(n) + u{w)) + -{-v{fi) + v{w) + r) 

from (C'^''^(j4^), 6^(^) +b'^{w),B'^) to itself is u-homotopic to 0. 

Proof is similar to that of Corollary 13. 6i We will show that 
(D.12) 2(U(;u) - U{w)) + 2u{V{fi) - V{w) - F) 

is n-homotopic to 0. 

We will be using the notation introduced in the proof of Corollary I3.6i 

Let us compute {b'^ifJ-) + b'^^w) + uB'^)Hq + Ho^b'^^fi) + b'^{w) + uB'^) first. We already know 

that 

b%fi)Ho + Hob%fi) = 2Uit,) 
and 

B'^Ho + HqB'' = T 
BydEID 

b^HH, + H,b^H = (^(-)^^°^ ; ^^°^^(-) ^(-)^^°^ ; ^^°^^(-)) = -2ii(u.) 

Thus, 

(D.13)(6"(^) + b^{w) + uB^)Ho + Hoib^fi) + b\w) + uB^) = {2U{^l) - 2U{w)) + uT 

Let us compute (b^ifJ-) + b^{w) + uB^)Hi + Hi{b^{^) + b'^{w) + uB^). We already know that 

B^'Hi + Fi5^ = 

and 

(D.14) b''{ii)Hi + Hib''{ix) = -T-2T + 2V{fi) 

It remains to simplify b^{w)Hi + Hib^{w). The computation is very similar to that of b^{fi)Hi + 
Hib^{fj.), so let us simply present the result: 

b^{w)Hi + Hib^{w) = -2V{w) 

This, together with ()D.13P and ()D.14p finishes the proof. D 

D.4. Proof of Proposition 14.41 We need to show that 

str • U{w) = U{w) ■ str, str • V{w) = V{w) ■ str 
This is a consequence of the proof of Part c) in section ID.2I 
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D.5. Proof of Proposition 14. 5L We need to show that the morphism of complexes 



V? u ) \ u^ u 

from {C^'%C[Y]){{u)),b%fi) + b%w) + uB'') to (0(y)((n)), -dw + ud) is homotopic to 0. Both 
we — 2eU{w) and Te — eF are easily seen to vanish, so we only need to show that eV{w) is 
homotopic to 0. 
Observe that 

1 1 

= (-1)''"? r-TTy'^^J ^ ^(pj+i A ... A #j_i = — T7#o A d(j)i A . . . A d(pn 

(n + lj! (n + lj! 

dien+iiMM ■■■ \M)) 



n + 1 



and 



d{en+i{wliHM^i\ ■ ■ ■ \(Pn-i]))) = (-l)M(e„+i((/>o[0i| . . . l-^i-il-u;! . . . I'/'n-l])) 

(-iy—d(4>od(/)i A ... A d(pi-i A dw A ... A dcpn-i) = —,dw A d(j)Q A dcpi A ... A (i</>„_i 
nl n\ 

= -dw A d(e„((/>o[(/'i| . . . \<Pn-i])) 
n 



Therefore, 



n n+1 n , ^ 

n + 1 — Z 



2en+2V(u;)„ = - ^ ^ €^+2 • /ln+1 • ^n+1 ' ^ = Y^ ^ ^ -^ ^ • ^n+l ' U^i'^ 
i=l j=i+l i=l 

" I -, _ • 1 

= ~y! ^ — r~iT('^'^ • d) • e„ = -(dw • d) • en 
^-^ n\n + 1) 2 

i=l 

It remains to show that 

{dw ■ d) : {n{Y){{u)) , -dw + ud) -^ {n{Y){{u)) , -dw + ud) 

is homotopic to 0, which is obvious: 

dw ■ d = (—dw + ud)H + Hi—dw + ud), H := —w ■ d 

u 



U 
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